More and more vessels for offshore engineering applications have a roll period beyond 20 seconds in order to avoid the wave frequency excitations on the roll motion. That is particularly true for the latest drilling vessels. However, this will lead to an unexpected second-order roll motion of the ships. This paper will present a new methodology to evaluate the second-order roll motions of the ships in random seas. The higher-order boundary element method (HOBEM) has been utilized to generate the second order difference-frequency roll excitations on the ships and the second-order ship roll motions were predicted by a frequency-domain method. A series of model tests have been conducted and the test results have a good agreement with the numerical predictions. Therefore, this new method has been verified and validated.
INTRODUCTION
Most of the ships have a roll period within the range of the wave periods. Thus, their roll motions can be evaluated accurately by the linear wave theory. However, the latest drilling ships and some specially designed floating production storage offloading tankers (FPSO) have a roll natural period away from the wave-frequency zone in order to avoid the unacceptably large wave induced roll motions. The normal practices are to increase the roll period beyond 20 seconds, which are away from the typical wave period zone of 5 to 20 seconds. As a results, the second-order difference-frequency wave loads occurring close to the natural frequency of the ship roll motions often give greater contributions to the lowfrequency resonant roll response. In order to predict those roll resonant response in a reliable manner, designers need to compute the second-order different-frequency wave loads on the ship roll motions.
There are extensive researches have been conducted on the wave-frequency roll motions of ships. A lots of results and techniques on the ship roll motions can be found in the text books and papers, for instance, [1] [2] [3] . However, only limited information is available to the second-order differencefrequency roll motions of the ships primarily due to the difficulty associated with the evaluations of the second-order wave excitations on roll motions. The other reason might be that it was simply overlooked.
The higher-order boundary element method (HOBEM) has been developed in [4, 5] by Liu et al to evaluate the linear wave loads on three-dimensional bodies and later extended to the non-linear second-order sum-and difference-frequency wave forces [6] [7] [8] [9] . This paper presents a new method to evaluate the secondorder difference-frequency roll motions of a ship in frequency domain. The first-and second-order wave roll excitations were computed by HOBEM and utilized to calculate the first-and second-order ship roll motions. A series of model tests with FPSO tankers have been conducted. The model test results have been utilized to compare with the numerical predictions. An excellent agreement between the model test and numerical results has verified and validated this new method.
FIRST-AND SECOND-ORDER WAVE FORCES
We consider the first-and second-order interaction of plane bichromatic incident waves with three-dimensional bodies. For analysis, Cartesian coordinates with the xy-pane in the quiescent free surface and z positive upward are used. Assuming the ideal fluid and weak non-linearities, we express the total velocity potential Φ as a sum of first-and second-order potentials:
At each order, the velocity potentials are decomposed into incident, diffraction and radiation potentials:
In the presence of bichromatic incident waves with frequencies ω 1 and ω 2, we can write the velocity potential Φ and force F in the form:
The superscriptions of (d) and (s) denotes the second-order difference-and sum-frequency components. The first-and second-order wave forces are given respectively by
where ρ is the fluid density, Aw the water plane area, S B the mean body surface, WL the waterline, (x f , y f ) the center of floatation of Aw, x the position vector, n=(n 1 ,n 2 ,n 3 ) the unit normal vector, and k the unit vector in the z-axis, N=n/(1-
. The first-order relative wave height is defined as
.
and
) denotes i-th order translational and rotational motions, respectively.
The corresponding expressions for the first-and secondorder moments are given by, see Ogilvie [10] (1983) or Liu et al [6] (1992) .
where ∀ is the displacement of the body, and x b , y b and z b are the coordinates of the center of buoyancy. In addition, (i,j,k) are unit vectors of x, y and z axes, and denotes the moments of the water plane area.
The Eqs. (4b) and (5b) also provide the added mass, wave damping and hydrodynamic coefficients for the second-order motions at sum-and difference-frequency, and the procedure is identical to that of the first-order radiation problem except for the shift of relevant frequency. The time mean components of the Eqs. (3), (4b) and (5b) were extensively studied by Liu et al [7] (1992). In this paper, particular attention is paid on the second-order difference-frequency forces and moments.
Since the contributions from the second-order velocity potential to the total difference-frequency wave forces and moments are less important than the other components represented by the quadratic products of the first-order quantities, see for example [11] , the quadratic transfer functions of the second-order difference-frequency wave excitations will be approximated by excluding the second-order velocity potential .
HIGHER-ORDER BOUNDARY ELEMENT METHOD
In this section, we briefly describe the higher-order boundary element method (HOBEM). For simplicity, we use the notation φ here to represent either φ D (i) or φ R (i) . Only the first-order wave-frequency problem will be discussed here.
The functions and are given by:
The use of Green's theorem with φ and the free-surface Green function G leads to the following integral equation:
where p and q represent field and source point vectors, respectively, and c(p) is a normalized solid angle at point p on the boundary surface S B . Employing higher-order isoparametric where N j is the j-th shape function and Γ e the surface of each element. The full descriptions about the HOBEM can be found in Liu, et al [4] [5] [6] [7] [8] . elements, the body surface, velocity potential and its normal derivatives can be expressed by the higher-order shape functions on each element:
SECOND-ORDER ROLL MOTIONS OF SHIPS
The first-order wave-frequency, second-order mean and difference-frequency roll moments on the vessel are evaluated by the above advanced hydrodynamic theory and HOBEM. The equation of the ship roll motion of a linearized system exposed to random seas can be written as:
where φ j and 
In the frequency domain, the transfer functions and response of ship roll motions are evaluated based on the standard procedures of spectra analysis. The standard deviation of the roll motion will be given by 
and NOD is the total number of nodes on the body surface S B . In Eqs. (11) and (12), δ kr denotes Kronecker delta and r=NENN(j,e) is a connective matrix, which represents the correspondence between the local and global nodes. (18) where S is wave spectral density; and are the first-order wave-frequency linear and second-order differencefrequency quadratic roll moment transfer functions. Thus, we
can derive the stand deviations of the ship roll motions at waveand low-frequency, and , respectively.
With the assumption that the roll response of the ships is a narrow banded Gaussian process with Rayleigh distributed peaks, the most probable extreme values of the wave-frequency and low-frequency roll responses can be given by the product of the standard deviations and a peak factor [13] :
where N is either the total number of the wave-frequency roll cycles or the total number of the low-frequency cycles in a specified storm period. The maximum total roll motion is then approximately evaluated by ) 20 (
where mean, WF and LF denote the mean, wave-and lowfrequency components of the ship roll motion.
NUMERICAL AND MODEL TEST RESULTS
The first-and second-order wave excitations on a 50,000 DWT tanker in deep water were evaluated by HOBEM and its first-and second-order roll motions were predicted by the formula presented in the preceding sections. The HOBEM model of the tanker was discretized with fifty-eight elements. This tanker has a roll period of 23.3 seconds, which is away from the wave-frequency zone. A series of model tests were carried out for the vessel at MARINTEK in Norway. The roll response transfer function and spectrum are represented in Figs. 1 and 2 with the associated wave spectrum. It clearly indicated that there is little wave energy around the roll natural period of 23.3 seconds. The model test results are listed in Table 1 and compared with the current predictions. An excellent agreement between the numerical results and measurements is observed. The dominant contribution to the total roll motions is coming from the second-order difference-frequency roll motions. It's very important to point that the second-order lower-frequency roll responses are usually governing the total roll response due to the small roll damping and little wave excitations around the roll natural periods. Therefore, the second-order ship roll motions should be evaluated for ships with long roll natural periods in order to ensure that any significant contributions from the second-order roll response are included in the final results. The second-order difference-frequency roll moment spectra density is shown in Fig. 3 with the roll response curves. As indicated, the roll moment spectra density at the roll natural period is significantly different from that at zero frequency. This means that the mean roll moment cannot be utilized to approximate the second-order roll moment spectra density. The complete quadratic roll moment transfer functions at difference-frequencies should be generated to compute the second-order ship roll motions.
The second-order roll motions analysis and model tests have also been carried out for a 170,000 new built FPSO tanker in shallow water. A total of seventy-three HOBEM elements were utilized to model this tanker at its full draft. This tanker has the roll periods of 25.2 and 23.7 seconds for the fully loaded and ballast conditions, respectively. Both beam sea and quartering sea conditions have been analyzed and tested. The numerical results and model test data are presented in Table 2 . The spectra densities of the second-order roll moments are represented in Fig. 4 . Clearly, that the density at the roll periods are much bigger than those at the zero frequency. Therefore, it cannot be approximated by the mean roll moments only. The second-order roll motions dominant the total roll responses as expected. The numerical results and model test data are very close to each other.
CONCLUSIONS
The numerical model has been set up to compute the second-order ship roll motions in irregular waves in frequencydomain with satisfactory accuracy. The numerical results have been compared with the series of the model test data. The excellent agreements between numerical predictions and the model test results have validated and verified our numerical methodology. Therefore, we can evaluate the second-order ship roll motions accurately by this method. The results presented in the paper has indicated that the second-order roll motions shall be evaluated for a ship with a long roll period away from wavefrequency zone, since it will be the dominant contributions to the total ship roll motions. This analysis also revealed that there could have an optimized natural roll period zone for a given vessel and environmental conditions so that the maximum total roll motions of the vessel is minimized. 
